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2 BACKGROUND

2.1 Intro duction

This chapter coversthe necessarypadkground from Rudolfer (2001) neededto understand
the applications to Dr. James' dataset of the further methods descriked in this report.
Sections2.4 { 2.6 are summariesof the correspnding sectionsof Rudolfer (2001), which
should be referredto for more details. Section2.3, on the other hand, descritesthe dataset
in detail, being basedon Rudolfer (2001), Section 2, sinceit is not widely known outside
the circle of clinical neuroptysiologistsand is essetial to understand the results of the
further methods.

2.2 Notation

Muddled notation producesmuddled thought. Precisenotation producesprecisethought.
Hence,we shall adopt the following convertion throughout this report:

sampleobserved values: smal |l Roman letters

population random variables: LAR GE Roman letters

population parameters: Greekletters

estimatE _: obsened samplestatistic that estimatesa population parameter

estimatOR : random variable of which the estimateis an obsened value



2.3 Carpal Tunnel Syndrome (CTS) Dataset: Rudolfer(2001),

Section 2
CTS = clusterof certain hand symptoms(to be speci ed later)
cause = enrapment of the mediannerve in the Carpal Tunnel at the wrist

CMMG 1998

Transverse
carpal ligament

Carpal
bones

Cross Section bt
Carpal Tunnel

Flexor
nerve tendons

An excellen and comprehensie accoun of CTS is givenin Rosemmaum & Ochoa (1993).



2.3.1 (ORDINAL) Response Variable

1: No Abnormality Detected (NAD)

N

8
% Mild CTS

Y =
% 3: ModerateCTS
- 4: SewreCTS

Important property of ordinal Y: the evert fY - jgis de ned. For a non-ordinal Y, the
statement \Y - |" is meaningless.

2.3.2 Predictor Variables

These are cortained in the vector x = (x1;:::;Xp)", which divides into three types of
variables:
8 .
% history
X = g clinical signs

nerve conduction studies

2 HISTORY
{ Age (in years)
{ Sex(Male/Femalg

together with the symptoms

Numbness

{

{ Pain
{ Tingling
{

Weakness

quali ed by their descriptors(de ned on the next page).



Descriptors of Symptom Variables

Pain Location
Tingling § Methad of Relief
Weakness Severity

8 )
Duration
9 )
Numbness% First Occurrence

Time of Day

Coding of Descriptors for Num bness, Pain, Tingling and Weakness

Descriptor Coding (0 = symptom abser)
Duration at most 10 minutes
over 10 minutes
lessthan 3 months
from 3 months to oneyear
from 1to 5 years
from 6 to 10 years
over 10 years

“rst to third ngers
fourth and fth ngers
all 've ngers

other

shakinghand

other

none

mild

moderate

sewere

daytime episales
nocturnal episales
episalesday and night
cortinuous symptom

First

Location

Relief

Severity

Time

P WONPFPWONRPFPWOWNPEPPRAAPWONPOOPMWODNEDNEPRE




2 CLINICAL SIGNS

Coding of Variables

Variable

Coding (0 = symptom absert)

Sensory Loss
Location

W asting
Location

Severity

W eakness

Location

Severity

1
2
3
4

B O WN R

N

N

N -

‘rst to third ngers
fourth and fth ngers
all ngers

other

Thenar Eminence
Hypothenar Eminence
other

mild
moderate
sewere

Thenar Eminence
Hypothenar Eminence
other

mild
moderate
sewere




2 NERVE CONDUCTION STUDIES

Variables

Nerve

Measuremen

Median

Ulnar

Motor Latency at the Wrist
Motor Latency at the Elbow
Motor Rate, Elbow to Wrist

SensoryLatency
SensoryAmplitude
SensoryDuration

Motor Latency at the Wrist
Motor Latency at the Elbow
Motor Rate, Elbow to Wrist

Units
Amplitudes  microvolts
Durations milliseconds
Latencies milliseconds
Rates metresper second



Stim ulation of Median Nerv e Motor

,LL

‘\

stimulating (

electrodes ; Y
; 4

recording J ﬁ
5 { “

da

i+

electrrode

Fibres

[va

i L Lt .
l; = latency at the wrist (milliseconds)
I, = latency at the elbow (milliseconds)
d; = distance,elbow to wrist (certimeters)
Idy = L2j Iy

= latency di®erenceglbow to wrist
ry = 100;=ldy;
= rate, elbow to wrist (meters/second)



Stim ulation of Median Nerv e Sensory Fibres

recording -
electrodes [ 19 ¥y
: § ! +
[
AN
P ii\ E ‘ ,
ULJ o + 54 5 10
JY ) d m3Lc
- stimulating
electrodes
a = mediansensoryamplitude (microvolts)
d = mediansensoryduration (milliseconds)

median sensorylatency (milliseconds)



Stim ul

e

ation of Ulnar Nerv e Motor Fibres

[5' my

[5 my

stimulating a
electrodes 21

+

I P

——{TITH _
recording 3 (Ej 1dz,
electrodes N
0 2 10
1, 1. msec

latency at the wrist (milliseconds)

latency above elbow (milliseconds)
distance, above elbow to wrist
(certimeters)

i |1

latency di®erenceabove elbow to wrist
10d,1=Id5,

rate, above elbow to wrist (meters/second)
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Non-Resp onse to electrical stim ulation
occursin the median motor and sensorymeasuremets

Table 1: Distribution of non-resp onses for the whole dataset

NAD | MILD | MOD | SEV || ALL
CTS| CTS | CTS

Median
Motor 0 0 2 16 18
Wrist
Median
Motor 0 12 22 17 20
Elbow
Median 0 17 128 85| 230
Sensory
\Total \ O\ 18\ 132\ 118H 268\

aTheseare likely to have beentechnical errors (inabilit y to elicit a response
rather than non-excitability of the nerve).

Note: sensory bres are thinner than motor bres, henceare damagedmore easily

Coding of non-resp onses: Pseudo-values

These were taken as 99.9 for latenciesand durations, 0 for amplitudes and motor rates.
These aren't actual physical measuremets, but represen plausible codings: if there is
no response,then the amplitude of the waveform will be zero, as will be the motor rate;
similarly, the time to response (latency) will be \in nite".  We have taken the largest
possiblenumber available in the givenformat (F4.1in FORTRAN notation), namely, 99.9.
The choiceof 99.9for non-respnseduration is somewhatarbitrary, but seemsgo t in with
the overall pattern.

2.3.3 De nition of Carpal Tunnel Syndrome

2 variesamongdoctors

2 most doctors would acceptthat CTS results from a median nerve lesionat the wrist
(seesection2.3.4)

2 \t ypical" hand symptoms: someof numbness pain,tingling, weakness

{ lasting at most ten minutes
{ at night (waking patient)

{ inthe rst to third ngers
{ relieved by shaking hand

10



2.3.4 Cause of Carpal Tunnel Syndrome

is agreedby most doctors to be the ertrapment of (pressureon) the median nerve at the
wrist, with resulting damageto the nerve at that point (median nerve lesionat the wrist).

There are many and varied reasonsfor this entrapment: for example,
2 fracture of the wrist
2 rheumatoid arthritis of the wrist
2 °uid retertion, asin pregnancy
The symptomsdescriled in section2.3.3can also be causedby damageto
2 median nerve at the elbow or shoulder
2 nervesin the nek

ONLYNERVEEONDUCTIGN UDIESCANFIND OUTTHEEXACTLOCATIONF THENERVEDAMAGE

2.3.5 Source of the dataset
994 patients referredwith suspected Carpal Tunnel Syndrome(CTS)

2 to the Electromyography Clinics of the late Dr. John L James,Consultart Physician,
St Luke's Hospital, Hudders eld, Yorkshire, England

2 petweenMarch 1991and March 1994

Dr. James'diagnosesf the examinedhands:
2 NAD
2 Mild CTS
2 Moderate CTS
2 SewreCTS
2 Non-CTS Abnormality (possibly with somese\erity of CTS)

Non-CTS Abnormality classwas omitted from the study, sinceit wasvery inhomagen®us

11



Table 2: Distribution of hand diagnoses for the whole dataset

NAD | MILD | MOD | SEV | TOTAL
CTS | CTS | CTS
777 621| 294| 102 1794 \

If you comparethis table with the correspnding onein Rudolfer (2001),you will seethat it
cortains 20 more hands. The reasonfor this is that, becauseof Section2.7.3,the 20 hands
with non-respnsesin their median motor readingscan now be included in the dataset.

2.4 Mo dels considered so far: Rudolfer(2001), Sections 3.2{3.4
2.4.1 Prop ortional Odds (PO)
It assumes
2 cutpoints ®; ®;; :::; ® satisfyingthe condition
il = ®& < 111 < ®;1<® =1,; (1)

which is equivalert to
exp@® i ')
1+ exp@® i ~ 'X)

°j(x) = ; (2)

where
i (x)=P(Y - jjx)

is the cumulative probability of Y - j givenx.

2.4.2 Contin uation Ratio (CR)

Y3(x) = P(Y =jjx)
and the (backward) Continuation Ratio (CR)
5(x) = PY=]jY - |;x)
Y3(X) :
Ya(X) + i+ Y%(x)

Then

|
=

+(x)
1 (X)

Ya (X);

12



3 (x)

Ya(x) = ].l_j—i,(x)

[Va(x) + 110+ Yy 1(X)]:

The CR model is given by

logitf 4 (x)g= ® | ~ 'X; (3)
and the correspnding ¥4(X) is
g Q;Lz [1+eXp1(®ti_TX)] =2
AT s i T @ j- J): @
LT e @i ) '
(szj denotesthe pro duct fromt=j to J.)
Y(x) canalsobe expressediirectly in terms of the % s:
% i %00] G = 1
%(x)=§ 5() “Lpalli =00l (1< <), )
- H(X) (G=13J)

2.5 Classi cation pro cedures: Rudolfer (2001), Section 3.6

Let d(x) be the classi cation function evaluated at the covariate vector x:
d(x) is the index of the group into which x is classi ed.

Let d(x) denote the estimate of d(x) obtained by substituting the maximum likelihood
estimatesfor the correspnding parametersin the model.

2.5.1 Highest Probabilit y (HP)
dix) = argmax P(Y = kj x); (6)
1 k- J
where él\(x) is chosento be the smallestindex if seweral groups have the samemaximum
conditional probability.

(6): classifyx to the group k which maximisesP(Y = k j x) : classify to the most
probable group.

13



2.5.2 Anderson and Philips (AP) for the PO model
(Anderson & Philips, 1981)

A )=jif® 1< 'x- & (j=1:9):

This is a valid de nition, sincethe ® satisfy condition (1).
The AP method assumedhat the cortinuousunobsened latent variable Z haslogistic
density: forj1 <z< +1

expzi ~ 'X)
fl+exp@i "x)g?’

fz(2) =

with
E(Zjx)="Tx:

2.6 General metho dology of model tting: Rudolfer(2001), Sec-
tion 4

2.6.1 Preliminary Steps

2 De ne responsevariable Y and predictor variable x, after consultation with medical
expert.

2 Chooseinteractions carefully.

2.6.2 Data Reduction
2 Methodsignoring Y (Principal Componert Analysis, Cluster Analysis)

2 Variable Selection

2.6.3 Verify the model's assumptions

2 Linearity of cortinuous predictors
2 Additivit y of predictors (no interaction)
2 Predictors' distribution

2 |n°uential obsenations

14



2.6.4 Fit the model
2.6.5 Compute measures of predictiv e accuracy
2.6.6 Validate the model

using one or more of the following methods:
2 Resubstitution
2 Data splitting
2 Cross-\alidation

2 Bootstrap

2.7 Computational Asp ects

2.7.1 Statistical software used this time: SAS Version 8.2
2.7.2 Previous problem: Rudolfer(2001), Section 2.5

Floating point zerodivision over®ow occurredwith SAS Version8 when

2 the descendingoption was selectedand

2 { median motor latencies at the wrist or elbow or
{ median sensory latency or duration
equalledtheir pseudo-alue 99.9for non-respnse

in proc LOGISTIC (occurredin computing Pearsonresiduals).

2.7.3 Solution: Bad News/Go od News

Bad News: SAS have not yet correctedthe error with the Des@nding Option in version
8.2.

Good News: they havecorrectedthe error with the Ascending Option.

Using the equivalence of ascendingand descendingoptions (see section 2.7.4), we can
compute the model.

15



Proc LOGISTIC works with Ordered Values, Y®°, which are related to the Recorded
Values,Y, in one of two ways:

2 AscendingOption: Y® =Y
2 DescendingOption: Y® = reversal of Y = J + 1-Y (Rudolfer, 2001,p. 13)

The distributions of Y and Y " for the option selectedare given by proc LOGISTIC in its
Response Pro e .

The Y column givesboth
2 the numerical value (in brackets) and

2 the formatted value (NAD, etc.)

For both options, the probabilities modeledare P(Y® - jj x) cumulated over the lower
Ordered Values.

For Dr. James'data, the ResponsePro les are givenin Tables3 and 4.

Table 3: Response Prole: Ascending option

Ordered | RecordedValue Total
Value, Y® | DIAGNOSIS, Y Frequency

1| (1) NAD 777

2| (2) Mild CTS 621

3 | (3) Moderate CTS 294

4| (4) SewereCTS 102

Table 4: Response Prole: Descending option

Ordered | RecordedValue Total
Value,Y® | DIAGNOSIS, Y Frequency

1| (4) SewreCTS 102

2 | (3) Moderate CTS 294

3| (2) Mild CTS 621

4 | (1) NAD 777

16



2.7.4 Ascending and Descending options in proc LOGISTIC are equivalent

De ne the conditional probabilities, under the ascendingand descendingoptions, of Y = j
givenx, PA(Y = jjx) and P®)(Y = jj x), respectively, asfollows: for j = 1;2;:::;J;

PW(Y = jjx)
PO(Y = jjx)

P(Y =jix);
P(Y®=jjx)
P(Y=Ji )+ 1x):

Then,forj = 1,2;:::;3J;
PA(Y =jjx) = PO(Y =jjx): (7)

To see(7), note that

logitf PCI(Y - jj x)g
= logitfP(Y®, Jj j+ 1x)g
= logitf P(Y®> Jj jjXx)g
= jlogitfP(Y®- Jij jjXx)g
= ifi §+ 'xg (8)
= logitf P(Y - jj X)g
= logitf PM(Y - jjx)g:

Equation (8) follows from Rudolfer(2001),p. 14.

3 FURTHER MODEL FITTING

3.1 Use of Binary Logistic Regression software for tting
Contin uation Ratio (CR) models

Restructure the original datasetappropriately by repeatedly including

2 correspnding data subsetsand
2 two new variables

{ the cutpoint CP and
{ the binary responseBR at that cutpoint

Then Binary Logistic Regressiorsoftware can be usedto t CR models.

17



3.1.1 Underlying Reason why the Metho d works

The cortinuation ratio
H(x) = P(Y =jjY - |;x)

correspndsto the subset
fY=jg

of the set
S=fY - jo

The complememary subsetof fY = jgin S is

fY<jo

This leadsto the binary situation of fY = jg versusfY < jg within the setS;:

3(x) = 1i P(Y <]JJY - J;x):

3.1.2 Details of the Metho d

This is descriked explicitly by Bender & Benner (2000), following lessdetailed discussions

in
2 Armstrong & Sloan(1989)
2 Berridge & Whitehead (1991)
2 Scott et al. (1997)

Bender & Benner(2000) also give SAS and S-Pluscode to adieve this coding.

(1) Start with the whole dataset

S; = fYy - Jg;

and de ne the cutpoint CP and binary responseBR as follows:

cpP =1

(O if Y <J

BR 1 ifY=2J

18



(2) Considerthe dataset
S;;1 = fY - Ji 1g;
and de ne the cutpoint CP and binary responseBR as follows:
CP = Jj1

(O ifYy<Jdij1l

BR 1 ifvy=J;1

(3) Cortinuein this way until the last dataset

S, = fY . 2¢g;
and de ne the cutpoint CP and binary responseBR as follows:
CP = 2
BR ( 0 ify=1
1 ify=2

(4) If n; obsenations have value Y = j, then the restructured datasethas
J(np+n)+ (Ji Dng+ (Jj 2)ng+ 111+ Ny
obsenations.

(5) Fit binary logistic regressioron the restructured datasetto the variable BR usingthe
cutpoint CP as additional covariate to x and the relationship

£(x)=P(BR=1jCP =j; x): 9)

3.2 Partial Prop ortional Odds (PPO) models

Thesewere introduced by Peterson& Harrell (1990), and allow for the Common Slopes
assumptionto fail for someof the covariatesin the PO model.

The model is thus

°/ (x) = L Rl (10)

It is possibleto t PPO modelsusing
(1) GeneralizedEstimating Equations (Stokeset al., 2000),

(2) a SASmacro provided by Scott et al. (1997).

19



3.3 Extended Contin uation Ratio (ECR) models

Thesemodelswereintroducedby Harrell et al. (1998), and allow for the Common Slopes
Assumptionto fail for someof the covariatesin the CR model. In somecasesthe Common
Slopes Assumption is too restrictive, soit is very usefulto have more °exibilit y.

ECR models are easily tted usingthe method of 3.1 by introducing an interaction term
betweenthe cutpoint for the responselevel j and the covariatesx (Bender& Benner,2000).

3.4 Equiv alence between PO and CR models

Laara & Matthews (1985) have shown that if a complementarylog-lag link function is used
instead of the logit link in the PO model, then the correspnding CR and PO models are
equivaler.

With the complememary log-loglink function, equation (2) of the PO model becomes

() = 1j expn(i exp(® i _Tx)o; (11)

while equation (3) of the CR model becomes
[0}

500 =11 exp (i exp® i %) : (12)

Since the logit and complememary log-log link functions are quite similar, at least for
small probabilities (McCullagh & Nelder, 1989),we can expect that in generalPO and CR
modelswill producesimilar ts to data.

4 FURTHER VARIABLE SELECTION

4.1 Univ ariate Wald's test

This is usedto test the null hypothesisHy : = 0 for a population parameter . The test
statistic is n 0,

2 A A

Ay, = T=SE() (13)

which under mild assumptionshasan asymptotic chi-squareddistribution with 1 degreeof
freedomif Hy is true.
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Equation (13) is a special caseof the multiv ariate Wald's test of Hy : = 0, where

= (T1;:11; p)T: Its test statistic is

A AT h‘<>3_A'i ila,
B2, = , (14)
3

whereX) ™ s the estimated variance-coariance matrix of . Under mild assumptions,
A, hasan asymptotic A* distribution with p degreesof freedomif Hy is true.

4.2 Score test

of ~(P is the vector of partial derivatives of the log likelihood, I, with respect to the
componerts of ~ (P:

UC®) = (@@ @=@))" : (15)
If I denotesthe Fisher information (variance-c@ariance) matrix of U, then asymptoti-
cally (Rao,1973) 3 .
s —® =yT1ily» AS; (16)

provided the inversel i 1 of | exists (I is non-singular). Let ~ **Y denotethe parameter
vector ~ P with an extra componert .1 at the end.

Then the score chi-square statistic for 4 is
3

S ,
s ™ |5 eV, A2

asymptotically.

4.3 Automatic Variable Selection (SAS, 2000)
4.3.1 Backward elimination

(1) Parametersfor the completemodel are estimated.
(2) Resultsof the Wald test for individual parametersare examined.

(3) The leastsigni cant variable that doesnot meetthe level for staying in the model is
removed.

Oncea variable is removed from the model, it remainsexcluded.

(4) Cortinue until no other e®ectin the model meetsthe speci ed level for removal.
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4.3.2 Fast backward elimination

(1) This method usesa computational algorithm of Lawlessand Singhal (1978) to com-
pute a rst-order approximation to the remaining slope estimatesfor ead subsequen
elimination of a variable from the model.

(2) Variablesare removed from the model basedon theseappraximate estimates.

Note: Fast badkward elimination is extremely excient becausehe model is not re tted for
every variable removed.

4.3.3 Forward selection

(1) Initial parametersfor the model are estimated. These parametersare usually the
intercepts alone.

(2) At ead stage,the scorechi-square statistics for the variablesnot in the model are
computed.

(4) The largest of these statistics is examined. If it is signi cant at the speci ed ertry
level, then the correspnding variable is addedto the model.

Oncea variable is entered in the model, it is never removed from the model.
(5) The processis repeateduntil noneof the remaining variablesmeetsthe speci ed level
for ertry.

4.4 The Bonferroni metho d

This is a consenative method, which givesan upper bound for the simultaneousprobability
of rejecting seweral null hypotheses.
It is basedon

Bonferroni's inequalit y (Fisher & van Belle, 1993)

The probability of occurrenceof oneor more of a setof n evens is at most the sum of their
probabilities:

" X
PC A)-  P(A): (17)

i=1 i=1
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Bonferroni's Metho d:

Supposethat n simultaneoustests areto be performed,with an overll signi cance level ®.
That is, if the null hypothesisis true in all n situations, then the probability of incorrectly
rejecting one or more of the null hypothesesis at most ®.

Then perform ead test at a signi cancelevel ®=n.

Pro of

Let A; be the evert of incorrectly rejecting the ith null hypothesis.

Then the probability of incorrectly rejecting one or more of the null hypothesess at most

X
(®=n) = ®:

i=1

4.5 Occam's (or Ockham's) razor

A philosophical principle attributed to the 14th certury logician and Franciscan friar,
William of Occam (or Ockham).

Ockham was the village in the English courty of Surrey where he was born.

The principle states:

Entities shouldnot be multiplied unnecessarily.

The statistical application of Occam'sRazoris (Aitkin et al., 1989)

Never t a more complex model than adequately describ es the data:

if two models t a dataset about equally well, then select the simpler model.

In Latin, Occam'srazor is:

(1) Pluralitas non est ponendasine neccesitate.
(2) Frustra t perplura qual potest eri per pauciora.

(3) Entia non sunt multiplicanda praeter necessitatem.

In fact, only forms (1) and (2) appear in his surviving works; form (3) was written by a
later scholar.
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William usedthe principle to justify many conclusions,ncluding the statemern that
\God's existen@ cannot be deduced by reasonalone.”

That onedid not make him very popular with the Pope!

The most useful statemert of the principle for scientists is,

\When you havetwo competing theories which make exactly the same predictions, the one
that is simpler is the better."

StephenHawking explainsin A Brief History of Time (Hawking, 1988):

\We couldstill imaginethat there is a setof lawsthat determineseventscompletelyfor some
supernatural being, who could observethe presentstate of the universe without disturbing
it.

However,suchmadels of the universe are not of much interestto us mortals.

It seemskbetter to employthe principle knownas Occam's razor and cut out all the features
of the theory which cannot be observd."

5 PERF ORMANCE EVALUA TION/MEASURES OF
PREDICTIVE ACCURA CY: Rudolfer(2001), Sec-
tion 4.5

2 Concordart/discordant pairs of obsenations

2 Symmetric measureof assaiation: Goodman & Kruskal's Gamma
2 Asymmetric measuresof assaiation: Somers'D

2 ScaledSomers'D: Concordanceindex

2 Accuracy index: Perceriage correct

2 Chance-correctedneasureof agreemeti Cohen'sKappa statistic

2 Calibration index: Brier's score

Measuresof predictive accuracyindicate how well a diagnostic algorithm can distinguish
betweenclassedasedon the covariates.
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5.1 Preliminary de nitions

All measureshut the Brier scoreare basedon contigency tables.
The cross-classi cationof obsenations (hands) is expressedby an r £ ¢ Contingency
Table of observe counts for data cross-classi ecby

2 ordinal row (R)

2 ordinal column (C)

classi cations.

For Dr. James'data, r = c= 4, and

R = Dr. James'diagnosis
C Predicted diagnosis

Table5: General r £ ¢ Contingency Table

C Row
1 ::: ] i ¢ |Totals
1 N1 0 Ny i Nie | Nas
R [ Nip 0 N il N Nis
r nrl . nrJ . nrc nr+
Column | nyp if Ny i Ny n
Totals
where
nj = number of obsenations falling in the (i; j )th cell of the table
= numberwith R=1iandC = j
= obsened value of a random variable Nj obtained by taking random
samplesof sizen from the population of all possiblehandsseenby Dr.
James,
n = total samplesize.

Obsened and random proportions p; and Pj are de ned, respectively, by

P = N;=n and Pij = Nij =nN.
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Theseare related to

Y4 = the probability of a randomly selectedobsenation falling in the (i; j )th cell of

the table
by the relationships

observed

value of
pij = Pij

@ i
estimatE @ i estimatOR
of @ i of
® i
1/ﬂ

p; givesriseto

Table 6: Observ ed Table of Prop ortions

C Row
1 ::: j i c |Totals
1 P it Py fiD Pie | Pas
R i Pir P i P | Pre
r prl ... prJ ... prc pr+
Column | psp 1:0 Psj 11D Pac 1
Totals

Table 6 is an obsened value of the random table

Table 7: Random Table of Prop ortions

C Row
1 ::: j i c |Totals
1 Pir it Pyttt P | Pas
R | Pll I:)ij PIC I:)|+
r Pri i Prjoiit Pre P, .
Column [Py iit Py it Pac 1
Totals
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Table 6 is an estimate of the probabilities' table

Table 8: Table of Probabilities

C Row
1 ::: jJ =i c |Totals
1 Yar i0 Yay il Yao | Yas
R [ Y 0 Yo it Vg Yy
r Yor it Y it Yac | Yae
Column | Y4, it Y45 it Yaq 1
Totals

5.2 Concordan t/Discordan t pairs of observations

An obsened pair of obsenations (ry; c;); (r2; ¢,) is called (Agresti, 1990)

concordant if (ryj c)(rai ¢) >0
discordant if (ryj c)(r2i &) <0
tied if (rij c)(rzj ) =0

Thus, the pair is concordant if the subject ranking higher on r alsoranks higher on c;
it is disaordant if the subject ranking higher on r ranks lower on ¢; it is tied otherwise.
A randomly selectedpair of obsenations

(R1;C1);(R2;Cy)

is called )
concordant if (R;j Cy)(R2j C)>0
discordant if (R;j Cy)(Rzj C)) <0
tied if (Rl i Cl)(R2| Cz) =0
Let

n. = obsenednumber of concordan pairs

ng = obsenednumber of discordart pairs
ng = obsenednumber of tied pairs

basedon Table 5.
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Then (SAS, 2000)

8 9
X X <X X X X =
Ne = nj . Ny + Nki. 5
i ki 15 k<i 1<
8 9 (18)
X X <X X X X =
Ng = Njj Ny + Nki. 5
i k>i 1< k<i 1>
8 9 (29)
X X < X X =
ne = N . Ny + N+ N, o
i 16 kei
(20)
Let a pair of obsenations be randomly selected,and
Y = probability the pair is concordan
Ya = probability the pair is discordart
Y4 = probability the pair is tied
Then (Agresti, 1990)
8 9
X X <X X X X =
Yo = Ya . Y + Ya.
i Ck>i 15 k<i 1< '
8 9 (22)
X X <X X X X =
Ya = Y Y + Yar.
i ki g k<i 1>
8 9 (22)
X X < =
Yo = Vot Vht .
i ’ 18] k6i '
(23)

5.2.1 Prop erties of Y, Y4, Y%
(1) The total number of pairs of obsenations, n. + ng+ ny = n(nj 1)=2.
(2) Yo+ Yo+ Y= 1.

(3) Fori = J orj = J, the rst pairs of inner summationsin equations(18){(19) and
(21){(22) do not exist.
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(4) Fori = 1orj = 1, the secondpairs of inner summationsin equations(18){(19) and
(21){(22) do not exist.

(5) Replacingn; in equations (18){(20) by its correspnding random variable N; , we
get the random numbers of concordan, discordart and tied pairs of obsenations N,
Ng and Ny, respectively.

(6) If the classi cationsR and C are independen, that is, fori;j = 1;:::;J;
Yo = Y Yay, (24)

then
Yo = Y. (25)

This is an intuitiv eresult, sinceif R and C areindependen, then pairs of obsenations
are just aslikely to be concordart asdiscordart.

Pro of of (25)
If (24) holds, then

X X
Yei Y4 = Vi Va |
g 9
< X X =
1/R+ ]/4-| + 1/R+ ]/4-|_
Ck>i 13 k<i I<j ’
X X
i Yar Va |
g 9
<X X X =
Yar Ya + Yar Va1,
Ck>i < k<i 1> ’
8 93
X <X X =
= 4 Y Yae Yas . O£
5 i 8 k>i k<i 93
X < =
4y, Yay i Yy, S
j 1>] I<j
Now
8 9
X <X X =
Yo . Yaei Y. =0 (26)
i T ki k<i ’

sinceead product term ¥+ ¥4,+ on the left-hand side occurs exactly twice, with opposite
signs.
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Similarly,

X X
Yay . Yaii Yo, = QO (27)
j B 1<j ,

Hence,Ys = V4.

5.3 Goodman & Krusk al's Gamma, °

Gamma was introduced by Goodman & Kruskal in their important paper Goodman &
Kruskal (1954).

Gammais a symmetric measureof assaiation betweenthe variablesR and C of a con-
tigency table: R and C are treated symmetrically , not asindependert and dependen
variables.

It is only basedon concordan and discordart pairs, ignoring tied pairs to avoid am-
biguit y.

The population parameter® is de ned by

Yoi Ya
° = 28
Yo+ Y4 (28)

Yei Va
= : 29

5.3.1 Interpretations of °

It is
(1) the di®erencebetweenthe conditional probabilities

P (concordarn pairs of obsenationgno ties)j P (discordart pairs of obsenationgno ties):

(2) \now much more probableit is to get like than unlike ordersin the two classi cations,
when two (untied) individuals are chosenat random and independerly from the
population.” (Goodman & Kruskal, 1979).

(3) \the proportionate excessof concordart over discordart pairs amongall pairs which
are fully discriminated, or fully ranked (it omits from considerationpairs which are
tied on R or C or both.)" (Somers',1962).
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5.3.2 Prop erties of °
@i1- °- L

(2) °=1ifandonly if ¥4 = O:
there is probability onethat C; - C, for randomly selectedobsenations (R;; C;) and
(Rz, C2) with Ri < R».

(3) ° = 1 if the population is concenrated on an upper-left to lower-right diagonal of
Table 8 (all other %4 s are zero).

(4) °=j lif andonly if ¥ = O:
there is probability onethat C; , C, for randomly selectedobsenations (R;; C;) and
(Rz, C2) with R: < R».

(5) ° = i 1if the population is concerrated on a lower-left to upper-right diagonal of
Table 8 (all other %4 s are zero).

(6) ° = 0if the classi cationsR and C are independer [seeequation (24) and property
(6) of Y4; Ya; Y], but not corverselyin generalexceptin the 2£ 2 case.

5.3.3 G = Estimator of °

Nci Nd
G = 30
Nci Nd
= X 31
ni N;' (31)

replacing% by N.=n, ¥4 by Ng=n, and ¥ by N;=n in equations(28) and (29)

5.3.4 Prop erties of G
@il G- L

(2) G=1if andonly if Ng = O:
there are no randomly selecteddiscordart pairs of obsenations.

(3) G = 1if the population is concerrated on an upper-left to lower-right diagonal of
Table 7 (all other P; s are zero).

(4) G=j lifandonlyif N.= O:
there are no randomly selectedconcordan pairs of obsenations.

(5) G = j 1if the population is concerrated on a lower-left to upper-right diagonal of
Table 7 (all other P; s are zero).

(6) If the classi cationsR and C are independen, then G should be closeto 0.
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5.3.5 Estimated Asymptotic Variance of G

(SAS,2000)is o 9
16 <X X ~
(nc+nd)4: o u( dalj | cu);
where
X X X X
aj = Ni + Nk
k> 1>] k<i 1<)

= number of pairs (r; c) agreeing(concordart) with(i;j);

X X X X
di = Ny + N
k>i < K<i 15]

= number of pairs(r; c) disagreeing(discordart) with (i; j):

5.3.6 Estimated Asymptotic Variance of G under the null hyp othesis that ° = 0

(SAS,2000)is o
4 <X X ) , =
—_— g (3 i )% (nei na)?=n :

(nc+nd)2' j IJ(JI u) i (Nci Nag) :

2

5.4 Somers' D rank correlation indices

Thesewere introduced by Somers(Somers,1962) as asymmetric measuresof assaiation
for ordinal variables.

They are an asymmetric modi cation of section5.3, and treat rows (R) and columns(C)
asymmetrically.

Therearetwo population SomersD measure®f assaiation: ¢( CjR) and¢( RjC). ¢( CjR)
treats R asthe independen variable and C asthe depender variable; in ¢( RjC), it is the

other way round. VREEY
¢( CjR) = ﬁ (32)
i=1 +

P . . : :
1i ., Y4 isthe probability that two randomly selectedobsenations are not tied on R.
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5.4.1 Interpretations of ¢( CjR)
It is

(1) the di®erencebetweenthe conditional probabilities
P (concordar pairs of obsenations given no ties on R)
i P(discordart pairs of obsenations given no ties on R):

(2) \how much more probableit is to getlike than unlike ordersin the two classi cations,
when two individuals (untied on R) are chosenat random and independerily from
the population.” (Goodman & Kruskal, 1979)

(3) \the proportionate excessof concordar pairs over discordart pairs among pairs not
tied on the independert variable." (Somers,1962).

5.4.2 Prop erties of ¢( CjR)
(Goodman & Kruskal, 1979)
@il ¢CR)- L
(2) ¢(CjR) = 1if and only if ¥4 = 0 and
X
Yo i %) = O (33)
i=1 i=1
(3) ¢(CjR) = 1if and only if eadr column hasat most one non-zerocell.

(4) ¢(CjR) = 1if andonly if after removing all-zero columns,the non-zerocellsdescend
in staircasefashion, perhapswith treads of unequalwidth.

(B) ¢(CjrR)=j 1ifandonly if ¥ = 0 and
¥ X
Vs M i Y3) = 0O (34)
i=1i=1
(6) ¢(CjR) = i 1if and only if ead row hasat most one non-zerocell.

(7) ¢(CjR) = j 1if and only if after removing all-zerorows, the non-zerocellsascendin
staircasefashion, perhapswith treads of unequal heigh.

(8) ¢(CjR) = 0 if the classi cationsR and C are independert [seeequation (24) and
property (6) of Y4; Va; %], but not corverselyin generalexceptin the 2£ 2 case.
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543 D(CjR) = Estimator of ¢(CjR)

is obtained from ¢( CjR) (equation (32)) by replacing% by N.=n, ¥4 by Ng=n, and %, by
Ni;=n:

. Nc=nj Ng=n
D(CjR) = P
(CIR) 1i g NA=r?
N(Ngi Ng)
P : 35
n2i i NA (35)
5.4.4 Prop erties of D(CjR)
1D il- D(CIR) - 1
(2) D(CjR) = 1if andonly if Ng = O and
¥ X
Nj (N+ji Nj) = O (36)
i=1j=1

(3) D(CjR) = 1if the population is concenrated on an upper-left to lower-right diagonal
of Table 7 (all other P; s are zero).

(4) D(CjR) = 1if and only if ead column hasat most one non-zerocell.

(5) D(CjR) = 1if and only if after removing all-zerocolumns,the non-zerocellsdescend
in staircasefashion, perhapswith treads of unequalwidth.

5.45 Estimated Asymptotic Variance of D(CjR)
(SAS,2000)is

4 X X 5
— nj fwe(ay i dj)i (Nci na)(Ni niv)g”;
ri

where

5.4.6 Estimated Asymptotic Variance of D(CjR) under the null hyp othesis that
¢(CjR)=0
(SAS,2000)is
8 9
4 <X X =
— ni (& i d)*i (Nei nd)zzn; ;

2
Wt i
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5.5 Concordance index, c: scaled Somers' D

For thosewho prefertheir indicesto lie in the interval [0,1] instead of in the interval [-1,1],
c is for them!

c is de ned by the equation

¢(CjR) = ;fd(CjR) +1g:

5.6 Percentage correct

This is given by the formula
A !
X
percer correct= 100 N =n ;
i
and givesa rough indication of the accuracyof the diagnostic method.
P .

Note:  ; n; is the total number of agreemets betweenR andC.

Percertage correct s the other side of the coin of error rates, in that

percen correct= 100£ (1 - error rate).
For a recen survey of dewelopmerts in error rate researt over the last ten years, seethe
article by Sdiavo & Hand (2000).

5.7 Cohen's Kappa statistic, @

Cohen (1960) de ned the simple kappa coezcien t as a measureof chance-corrected
interrater agreemef

N = POi Pe,
1i Pe’
where
P . .
Po = p i Pi = estimated probability of agreemeh betweenR and C,
Pe = P+ pP+i = estimated probability of agreemeh betweenR and C,

assumingindependenceof R and C.
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5.7.1 Prop erties of &

(1) ~ = 1 whenthere is completeagreemen betweenthe raters.

(2) ~> Oindicatesmoreagreemeh betweenthe ratersthan could be explainedby chance
alone.

(3) ~ < Oindicateslessagreemenh betweenthe raters than could be explainedby chance
alone.

(4) The minimum value of ¢ is between-1 and 0, dependingon the marginal proportions.

5.7.2 Estimated Asymptotic Variance of ¢
(Fleisset al., 1969)is

A+Bj C.
nli Pe)?’

where

pi [1i (e + pei) @i D)%

2X X 2
B = (1 %) isj Pi (Pi+ + p+j)”;

>
I

C

[*§ Pe(li M)F:

5.8 Brier's score, B

This was proposedby Brier (1950) as a meansof measuringa weather forecaster'sskill in
predicting the weather - still an important topic 50 yearslater!

Supposethat thereareJ possibleweatherconditionsthat the forecastercan predict, that he
doesthis on n occasionsby giving his predicted probability p; of weatherclassj occurring

Eij =
71 the weather condition is j on the ith occasion
Then ,
11X X
B = n (P i Ej)?:
i=1j=1
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5.8.1 Prop erties of B

(1) The minimum of B is O for perfect forecasting(p; = Ej ).

(2) The maximum of B is J for worst possibleforecasting(p; = 1i Ej). It seemsa bit
strangethat Brier did not have the extra divisor J, sincethat would have madethe
maximum 1, but we usehis de nition anyway.

(3) B ispurely afunction of the predicted probabilities, and doesnot involve any decision
rule (as do the other performanceindicators).

6 RESULTS

6.1 Variable selection

Ead of the three groupsof variables
2 History
2 Clinical Signs
2 Nerve Conduction Studies

wasconsideredseparately and a best set of variablesfor eat group selected.The variables
selectedfrom the three groupswere then conbined, and further selectionwas done.

The methods of variable selectionusedwere
2 forward selection
2 fast backward elimination
2 none

followed by the application of Wald's test using a signi cance level of 0.001, following
Bonferroni's method.

6.1.1 History variables

The v e variables selectedwere (commerts as to why these selectionsare reasonableare
givenin brackets)

2 age(incidenceof CTS increaseswith age)
2 sex (femalesare more susceptibleto CTS than are males)

2 pain at night (a typical CTS symptom)
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2 tingling at most ten minutes
2 tingling over ten minutes

Tingling is another typical CTS symptom, and a duration of at most ten minutes is very
indicative of CTS.

6.1.2 Clinical sign variables

Only wasting was found signi cant (in fact, it indicates more se\ere nerve damage).
The four variablesselectedwere

2 wasting in the thenar eminence(correspondsto the median nerve)

2 wasting in the hypothenar eminence(correspndsto the ulnar nerve, a rather strange
selection,sincethe ulnar nerve is not usually implicated in CTS)

2 mild wasting
2 moderate wasting

The last two indicate the seerity of median nerve damage.

6.1.3 Nerv e conduction variables

The four variablesselectedwere
2 median motor latency at the wrist
2 median sensorylatency
2 median sensoryamplitude
2 median sensoryduration

Thesevariablesare acceptedby most neuroplysiologistsas being relevant to the diagnosis
of CTS.

6.1.4 Combined model: M,

This is the 13-variable model formed from the variablesselectedin sections5.1.1{ 5.1.3.
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6.1.5 Six-variable submodel of M;: M»

Forward selectionand fast badkward selectionwith Wald's test both gave the 6-variable
model, in which the rst two variablesare history, and the last four are nerve conduction
study:

2 tingling at most ten minutes

2 tingling over ten minutes

2 median motor latency at the wrist
2 median sensorylatency

2 median sensoryamplitude

2 median sensoryduration

Note that no clinical sign variables have been selected here. Also, ageand sexwere
omitted, although selectedfor the history-only model (this is an exampleof locally impor-
tant variablesbeing swamped in a larger set of variables).

6.1.6 Seven-variable submo del of Mi: M3

Wald's test alone on the combined model, M ;, gave the sewen-variable model, M3, which
had the additional clinical sign variable wasting of the thenar eminene, which indicates
more seriousCTS.

6.1.7 Full model without variable selection: My,

This wasincluded purely for comparisonpurposesalthough it is quite unwieldy and almost
impossibleto interpret.

M, contains 111 variables, some of which are ALIASED (linear conbinations of other
variables). Their coetcients are setto zeroby SAS,asthey provide no further information.

6.2 Performance evaluation

Performancewas evaluated by
2 resubstitution and

2 bootstrapping 200times
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6.2.1 Anderson & Philips' (AP) classi cation procedure performs badly

As the following table for the 7-variable model shaws, there wereno AP diagnosesof
moderate or mild CTS.

Predicted Diagnosis

Doctor's Seere
Diagnosis| NAD CTS | Total
NAD 149 628 | 777
Mild CTS | 579 42| 621
Mod CTS | 292 2| 294
SewereCTS 102 0 102
Total | 1122 672| 1794

This is con rmed by consideringthe range of valuesof ATX aswell asthe cutpoints of the
. T T
PO model: either ™ x - ® or ™ x > ®,.

Probable reason: poor t of the PO model.

Becauseof this, only the HP results will be given.

6.2.2 Whic h of the two Somers' Ds to use?

Dr. James' diagnosis,consideredas the row variable, in a sensein°uencesthe models
predicted diagnosessincethey are designedusing Dr. James'diagnosis.

For this reason,we recommendusing D (CjR).

For completenesshowever, we give the results for both D (CjR) and D (RjC), alsofor the
symmetric measure® .
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6.2.3 Performance of M

6.2.4 Performance of M,

Resubstitution | Bootstrap
Gamma 0.96573 0.96535
D(CjR) 0.80602 0.80544
¢(CjR) 0.90301 0.90272
D(R|C) 0.82781 0.82742
c(RjC) 0.913905 0.91371
Kappa 0.68323 0.68206
Brier 0.31826 0.31913
%correct 79.2642 79.16945

Resubstitution | Bootstrap
Gamma 0.95765 0.95824
D(CjR) 0.79010 0.79061
c(CjR) 0.89505 0.895305
D(RjC) 0.81218 0.81320
c(RjC) 0.90609 0.90660
Kappa 0.66356 0.66281
Brier 0.32303 0.32318
%correct 77.9822 77.93478
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6.2.5 Performance of M3

Resubstitution | Bootstrap
Gamma 0.95429 0.95384
D(CjR) 0.79135 0.79099
c(CjR) 0.895675 0.895495
D(RjC) 0.81040 0.80983
c(RjC) 0.90520 0.904915
Kappa 0.65716 0.65749
Brier 0.33022 0.33052
%correct 77.5362 77.55964

6.2.6 Performance of My

Resubstitution | Bootstrap
Gamma 0.96955 0.96919
D(CjR) 0.81502 0.81418
c(CjR) 0.90751 0.90709
D(RjC) 0.83460 0.83365
c(RjC) 0.91730 0.916825
Kappa 0.69383 0.69245
Brier 0.29981 0.30071
%correct 79.9331 79.8450
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6.3 Conclusions

(1) The four models' performancesare very similar:

{ all measuresgxcept% correct, di®eronly in the seconddecimal place
{ % correct di®erby at most 2%

(2) For most measuresResubstitution performs better than Bootstrap: this is as usual
(Resubstitution results tend to be overoptimistic).

(3) D(CjR) < D(RjC): the proportion of tied pairs of Dr. James'diagnosess lessthan
the proportion of tied pairs of predicted diagnoses.

(4) The Brier's scoreB is very low (about 0.3), re°ecting the fact that the predicted
probabilities are rarely zeroor one.

(5) M, and M4 arethe best models in terms of all the measuresexceptBrier's score.

(6) M3 is the best model in terms of Brier's score (but only in the seconddecimal
place).

(7) Kappaisaround0.6in all casesjndicating a fairly strongchance-correctechgreemen
betweenpredicted diagnosisand Dr. James'diagnosis.

7 OPEN PROBLEMS / FURTHER WORK

7.1 Inadequacy of the AP classi cation rule

This rather strange result needsfurther investigation: could indicate poor t of the PO
model.

7.2 Further variable selection
7.2.1 Branch & Bound

This is a technique which is
2 adaptedfrom the eld of Pattern Recognition.
2 implemerted in SAS (SAS, 2000).

7.2.2 Use of bootstrap to re ne automatic variable selection

SeeSauerbrei& Sdumader (1992).
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7.3

2

Valedictory

Diagnosticmodelling, alsocalled prognostic modelling, is an exciting, active and ever-
expandingareaof Medical Statistics: seeStatistica Neerlandica, Vol.55,No.1 (2001),
which is dewoted to this topic.

Statisticians can newer replacedoctors in their goal of accurateand robust diagnosis,
but they canwork together with that aim.

At presen, | am working with Dr. Jereny D P Bland, FRCP, Consultart Neuro-
physiologist, Kent & Canterbury Hospital, UK, who hasan ewer-increasingdatabase
of over 12,000patients.

Carpal Tunnel Syndromeis a very active areaof medicalreseart, with many papers
publishedin medicaljournals.
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